We study the diagonalization problem of certain discrete quantum integrable models by the method of Baxter's T -Q relation from the algebraic geometry aspect. Among those the Hofstadter type model (with the rational magnetic flux), discrete quantum pendulum and discrete sine-Gordon model are our main concern in this report. By the quantum inverse scattering method, the Baxter's T -Q relation is formulated on the associated spectral curve, a high genus Riemann surface in general, arisen from the study of spectrum problem of the system. In the case of degenerated spectral curve where the spectral variables lie on rational curves, we obtain the complete and explicit solution of the T -Q polynomial equation associated to the model, and the intimate relation between the Baxter's T -Q relation and algebraic Bethe Ansatz is clearly revealed. The algebraic geometry of a general spectral curve attached to the model and certain qualitative properties of solutions of the Baxter's T -Q relation are discussed incorporating the physical consideration.
Introduction
This report is a review based on our results in [10, 11] , the relevant work on the subject can be found in the references therein, especially on the connection with [3, 5, 8] . We consider the diagonalization problem of certain discrete quantum integrable chains by the method of Baxter's T -Q relation within the context of quantum inverse scattering method [4, 9] . The models we are going to discuss here are the Hofstadter type model (with the rational magnetic flux), discrete quantum pendulum and discrete (quantum) sine-Gordon model. Our approach to the eigenvalue problem of these Hamiltonians is from the algebraic geometry aspect by taking the algebraic structure of rational functions of the underlying spectral curve into account, then formulating the problem into the Baxter's T -Q relation; a method often not only more general, but also mathematically tractable than the usual Bethe Ansatz technique. This is indeed the case when the spectral curve degenerates into rational curves for these models, where the complete solutions of Baxter's T -Q polynomial equation are obtained, and both the qualitative and quantitative features of eigenvalues and eigenfunctions have been studied in details incorporating the physical consideration. The method starts with the transfer matrix technique by encoding the Hamiltonian into the transfer matrix of a fixed finite size L, which arises from a Yang-Baxter solution for the R-matrix of XXZ model. The Baxter's T -Q relation is constructed from the action of transfer matrices on the Baxter vacuum state over the spectral curve. The Hofstadter type Hamiltonian is on L = 3, and the discrete quantum pendulum and sine-Gordon model are on L = 4, (see (I) (II) (III) of Sect 2). The mathematical treatment to solutions of these Baxter's T -Q polynomial equations takes explicit advantage of special features only presented in L = 3, 4. For a general spectral curve, it is a Riemann surface of a very high genus, however with a close link with elliptic curves for both cases. The qualitative analysis in the geometry of spectral curves has been made in respect to Baxter's T -Q relation. When the spectral curve is totally degenerated into rational curves, the Baxter's T -Q relation is descended to a polynomial equation for an arbitrary size L. In this situation, though the geometry of the spectral curve becomes trivial, the determination of the solutions inevitably requires the subtle analysis of Baxter vacuum state to extract the essential data for polynomials involved, also the necessary algebraic study of a certain "over-determined" system of q-difference equations for a root of unity q N = 1, which has still been a difficult problem for an arbitrary finite size L. For L = 3, 4 in accordance with models concerning us here, a sound mathematical derivation of solutions of the Baxter's T -Q polynomial equation has been carried out in [10, 11] . The relationship between the Baxter's T -Q polynomial equation and algebraic Bethe Ansatz becomes clearer in this scheme.
Notations. In this article, Z, R, C will denote the ring of integers, real, complex numbers respectively, N = Z >0 , Z N = Z/N Z, and i = √ −1. For the N -dimensional vector space C N , we will present a vector v ∈ C N as a sequence of coordinates, (
The standard basis of C N will be denoted by |k , with the dual basis of C N * by k| for k ∈ Z N . For a positive integers n, we denote n ⊗ C N the tensor product of n-copies of the vector space C N . We use the notation of q-shifted factorials,
Baxter's T-Q Relation on the Spectral Curve
Throughout this report, N will always denote an odd positive integer with M = [
and ω is a primitive N -th root of unity, q := ω 1 2 with q N = 1, i.e., q = ω M +1 . Let Z, X be a pair of operators generating the Weyl algebra and Y := ZX with the Weyl commutation relation and the N -th power identity,
The canonical representation of the Weyl algebra is the unique irreducible one on C N with the expression:
Using X, Y, Z and the identity operator, there is a solution of the Yang-Baxter equation for a slightly modified R-matrix of the XXZ-model [5] with the L-operator given by the following matrix of the operator-valued entries acting on the quantum space C N , depending on the parameter h = [a :
It satisfies the Yang-Baxter relation,
where
The above relation is related to the Yang-Baxter solution for the R-matrix of XXZ-model in [7] on the study of sine-Gordon lattice model by using the Weyl operators U, V :
In fact, with the identification Z = V U, X = V −1 U , or equivalently,
. By the matrix-product on auxiliary spaces and tensor-product of quantum spaces, the L-operator for a finite size L with the period boundary condition and the parameter h
j=0 L h j (x) again satisfies the Yang-Baxter equation, hence it gives rise to the commuting family of the transfer matrices
The same conclusion holds for L * h (x) and T * h (x), and the following relation holds for these two families of transfer matrices:
The transfer matrix T h (x) acts on the quantum space n ⊗ C N , also its dual space n ⊗ C N * . As T h (x) for x ∈ C form a commuting family of operators, all the operators T h (x) of L ⊗ C N * can be simultaneously diagonalized by common eigenvectors ϕ| with the eigenvalue Λ(x)(= Λ ϕ (x)) ∈ C[x]. The quest of spectrum of T h (x) ( or T * h (x)) is the problem for our main concern in this work. It is not hard too see that T h (x) can be expressed as an even polynomial of x with operatorcoefficients:
, the expressions of T 2j are listed as follows:
A general scheme to study the diagonalization problem of T h (x) by a "difference-like" equations over an algebraic curve via the Baxter vacuum state has been proposed in [5, 10] , of which we are going to describe the method as follows.
In computing the spectra of T h (x), one can apply the gauge transform on
As the procedure of gauge transform keeps the same trace, we have
For a given h, we shall consider the variable (x, ξ) only lying on the curve C h defined by the system of equations,
The Baxter vacuum state 3 over C h is the family of vectors |p ∈ L ⊗ C N with the form
The Baxter vacuum state here is phrased by the Baxter vector in [5, 10] where |p j is the vector in C N governed by the relation,
The constraint of (x, ξ) on the curve C h ensures that the following properties hold for the Baxter vacuum state,
where ∆ ± , τ ± are (rational) functions and automorphisms of C h defined by
This implies that under the action of the transfer matrix the Baxter vacuum state is decoupled as the sum of those with the τ ± -transformations:
For a common eigenvector ϕ| ∈ L ⊗ C N * of transfer matrices T h (x), the eigenvalue Λ(x) is a polynomial of x, i.e., Λ(x) ∈ C[x]. The function Q(p) on C h defined by Q(p) := ϕ|p for p ∈ C h satisfies the following equation, which is called the Baxter's T -Q relation 4 
The above equation is equivalent to the Baxter's T -Q relation for T * (x) with certain scaling modification of ∆ ± , (see [11] ). The spectral curve C h is a branched cover the rational curve, x-complex line. In (7), Λ(x) is a polynomial of x; while Q(p) is a rational function on the Riemann surface C h . The problem of solving the Baxter's T -Q relation (7) to determine the spectrum of the transfer matrix T h (x) requires the understanding of Baxter vacuum state, hence the zeros and poles of Q(p), which appears to be a challenging problem in algebraic geometry In this article, we shall mainly concern the case of the site L = 3, 4 due to their special feature connecting with certain Hamiltonian spin chains of physical interest. In these cases, the crux of the transfer matrix T (x) is the term T 2 , which can be converted to the following Hamiltonian in each case. We won't give the exact identification here, the details can be found in [10, 11] .
(I) L = 3. The term T 2 is equivalent to the following Hofstadter type Hamiltonian proposed by Faddeev and Kashaev [5] , ( for the identification using the convention in this report, see [10] ):
where U, V, W are unitary operators satisfying the Weyl commutation relations and the N -th power identity property:
4 The Baxter T -Q relation here was called the Bethe equation in [10] For a particular case of H F K with ρ = 0, the system becomes the Hofstadter Hamiltonian [1, 6, 12] ,
a renowned Bloch electron system with a constant external magnetic field ( and the rational magnetic flux in this situation). For L = 4, the interesting physical systems arisen from T * 2 have the following constrains on parameters, and their relations with the operators C, D in T 0 , T 4 ,
With the operators U j ,
one can discuss the following two systems, (for details, see [11] ).
(II) Discrete quantum pendulum. This is the case (10) together with the further constraints,
The coefficients of T * (x) in (2) now have the form,
The above −T * 2 is the Hamiltonian of discrete quantum pendulum in [3] , which is subject to the evolution equation,
(III) Discrete sine-Gordon (SG) Hamiltonian. This is the situation under the condition (10) with one further identification,
We have
The above −T * 2 can be identified with the discrete quantum sine-Gordon integral in [3] .
The T-Q Polynomial Equation for Rational Spectral Curves
In this section we consider the T -Q relation in the case when the spectral curve C h is totally degenerated into rational curves, in which situation geometric features of the spectral data become trivial. However the quest for solutions of the Baxter's T -Q relation has still raised certain subtle algebraic problems in the study. We shall first summarize some basic facts on reducing the Baxter's T -Q relation into a polynomial equation for an arbitrary size L, then feed this scheme into the case L = 3, 4 for our results related to the models (I) (II) (III) of Sect. 2, ( for the detailed account of the derivation, see [10, 11] ). By the rational degenerated spectral curve, we mean the coordinates ξ N j in the equation (3) of C h are constants, independent of the variable x. Now the parameter h j s and the variables ξ j s are subject to the constraints:
One special case is given by the relations, a j = q −1 d j , b j = q −1 c j , and ξ N j = 1 for j = 0, . . . , L − 1 [5, 10] . For the condition (11), we define r j =
, for j ∈ Z L . Then C h contains a τ ± -invariant curve C, upon which it suffices for us to formulate the Baxter's T -Q equation,
We shall identify C with P 1 × Z N via the correspondence:
The automorphisms τ ± on C become τ ± (x, l) = (q ±1 x, l − 1), by which the action (6) of T (x)(:= T h ) on |x, l now takes the form,
where ∆ ± are functions of x:
With the substitutions,
the relation (12) still holds for the modified ∆ ± , now with the expression,
). Furthermore, one can convert the expression (4) of the Baxter vacuum state over the elements of C to the following component-expression of the Baxter's vector |x, l :
Here the bold letter k denotes a multi-index vector k = (k 0 , . . . , k L−1 ) for k j ∈ Z N with the square-length of k defined by |k| 2 := L−1 j=0 k 2 j . Each ratio-term in the above right hand side is given by a non-negative representative for each element in Z N appeared in the formula. One would like to deduce the geometrical relation (12) of transfer matrix on C to the base x-line, accordingly conduct the analysis of the Baxter vacuum state to extract the essential part of solutions of the corresponding Baxter's T -Q relation. Indeed, by the Fourier transform method on the Baxter vacuum state of C, then applying certain "diagoalization" process of the transfer matrix on the modified Baxter vacuum state, one obtains the following conclusion, (for the detailed derivation , see [10, 11] ).
(ii) The T (x)-transform on |x 
and the following Baxter's T -Q equation holds:
2 By (iii) of the above theorem, the Baxter's T -Q equations for the sectors m, N − m can be unified into a single one. From now on, we shall always use the letter m to denote an integer between 0 and M , 0 ≤ m ≤ M .
By introducing the polynomials Λ m (x), Q(x) via the relation, 
with the following constraints of
By (2), the above Λ m (x) is indeed the eigenvalue of T * (x), and (13) corresponds the Baxter's T -Q equation for T * (x) in the sectors m, N − m.
We now consider the solutions of the equation (13) for L = 3, 4 for the models (I) (II) (III) in Sect. 2. We shall consider the c * j s to be generic. Furthermore, for L=4 in this rational degenerated case, the parameter h will be confined in the regime,
for even j, k 1 2 for odd j, and we require the eigenvalue Λ m (x) in (13) to be a reciprocal polynomial,
Here for a polynomial P (x), P † (x) is defined by Now we discuss the relation between the T -Q equation (13) and the usual Bethe Ansatz formulation in the physical literature. In (13) when Q(0) = 0, which is the case in Theorem 2, one can write
Substituting z −1 l in (13), the z i s satisfy the following Bethe Ansatz relations,
For the Hofstadter type Hamiltonian (8), by Theorem 2 (i) the Bethe Ansatz (14) for the sector m has the form
The above relation for m = M is the one postulated in [5] , in which a special case reproduced the spectrum of Hofstadter Hamiltonian found in [12] . For the SG model and the discrete quantum pendulum with the parameter k, by Theorem 2 (ii), the Bethe Ansatz (14) now takes the form
2 ). The solutions of the above Bethe Ansatz represent the spectra for those model arising from the rational degenerated spectral curve.
The General Spectral Curve for Hofstadter Model, Discrete
Quantum Pendulum and Discrete Sine-Gordon Model
We are going to discuss certain geometrical aspect while dealing the Hofstadter, discrete quantum pendulum and SG models in a general setting. The spectral curve C h (3) now is a Riemann surface of high genus. However, the values of ξ N j s for C h are determined only by the variables η(:= ξ N 0 ), y(:= x N ), which defines the curve
where A h , B h , C h , D h are polynomials of y expressed by the relation,
The spectral curve C h is now a (branched) cover of B h . For the Hofstadter model (9), it is the case L = 3 with a 0 = d 0 = 0 , b 0 = c 0 = 1 and h 1 , h 2 generic. For the discrete quantum pendulum and SG model, the constraints of the parameter h are given those given in (10) . In all these cases, the curves B h form a family of elliptic curves, covered by the spectral family of curves C h . The geometrical feature of these covering families has been explored incorporating with the Baxter's T -Q relation on C h , but only on the qualitative aspect [10, 11] . Nevertheless the core of the problem, the quantitative study of the T -Q relation, has still remained a difficult task due to the lack of proper understanding of the Baxter vacuum state over C h . The prospect of employing the elliptic function theory of the elliptic family B h to the Baxter T -Q relation in this frame work would be a challenging problem which we leave to future work.
Further Remarks
We have made a short review of our recent results on Hofstadter type models, the quantum pendulum and the discrete sine-Gordon model by the transfer matrix technique within the frame work of quantum inverse scattering method. The diagonalization problem of Hamiltonians for these model relies on solving the Baxter's T -Q relation over a spectral curve, arisen from the transfer matrix (of a finite size L) on the Baxter's vacuum state, to which we have conducted a systematic study from algebraic geometry aspect. The complexity of the spectral curve, hence the solvability of its related T -Q equation, depends on the length L and parameters appeared in the Hamiltonian. For the three models which concern us in this report, the transfer matrix has the size L = 3, 4; the spectral curves with generic parameters are canonical related to elliptic curves. When the spectral curve is totally degenerated into rational curves, the Baxter's T -Q relation can be converted into a polynomial equation, of which we have obtained a complete solutions of the diagonalization problem of these models. The rigorous mathematical derivation enables us to have a better understanding on both the qualitative and quantitative nature of the Baxter's T -Q polynomial equation and Bethe Ansatz incorporating with the relevant physical consideration. Indeed, our study in this context strongly suggests that some further mathematical feature of the Baxter's T -Q polynomial equation could possibly merge with the q-Strum-Liouville problem at roots of unity q N = 1. Such program is now under investigation, the results of which we hope to report in near future.
